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Abstract - -The finite motions of elastic materials under initial and boundary conditions are gov- 
erned clerically by a system of nonlinear partial differential equations. The problems tudied are 
concerned mostly with incompressible bodies having special geometries and applied loads, like a chcu- 
lax cylindrical shell under axial compression. For modelling such exceptionally difficult problems, we 
will develop a noncontinuum, particle approach. Our particle methodology considers all components 
of elastic plates in three dlmPjlsions, while others reduce their consideration to what is called the 
neutral or middle layer. In particular, we will be concerned with phenoraena related to the bending 
of a finite elastic arch in three dim~jlslons. Various loads will be applied without changing any initial 
or boundary conditions to determine the unstable mode of equilibrium. Snap-through inversion is 
then slrrmlated and discussed. The methodology will require the solution of large systems of ord!nary 
differeatial equations. I  our examples, these equations are solved numerically on a Cray XMP/24. 
1. INTRODUCTION 
For a material body modelled by a continuum of points, the position of any point in the body is 
defined by its position vector F in some coordinate system. When a body is deformed, the dis- 
tances between its points change [1]. A three dimensional body cannot be deformed in such a way 
that parts of it move a considerable distance without he occurrence of considerable extensions 
and compressions. Extension and compression, however, are difficult o explain phenomenologi- 
cally without he addition or deletion of points from the material. For this reason, the resulting 
dynamical equations are usually conservation laws. In fact, when a deformation occurs, the 
arrangement of the molecules i changed and the body ceases to be in its original state of equilib- 
rium. Internal stresses result, which are due to molecular forces, and in this paper we will develop 
a three dimensional, qualitative, molecular type model of elastic behavior. An important fact 
for the theory of elasticity is that the molecular forces have a very short range of action. These 
forces are greater in some directions than in others, so that the molecules arrange themselves in
certain characteristic patterns. 
2. COMPUTATIONAL PRELIMINARIES 
For the computational lgorithm outlined below, the details and discussion can be found in 
[2]. Consider N = 189 particles Pi, i = 1,2,...189. For At > 0, let tk = k x At, k - 0, 1,2,. . . .  
For each i, between 1 and 189, let Mi be the mass of Pi. At tk let Pi be located at 
~i,k = [xi,k, yi,k, zi,k ], (2.1) 
have velocity 
I~i,k -- [vl,k,=, Vi,k,U, Vi,k,=], (2.2) 
Computations performed at and funded by the University of Texas Center for High Performance Computing. 
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and have acceleration 
-4i,k - [ai,k,=, ai,k,v, ai,k,=]. (2.3) 
Let the position, velocity, and acceleration be related by the recursive formulas: 
1 
~,½ = ~,0 + ~ x At x A,,0, starter formula, (2.4) 
~,k+½ -" ~,k-½ Jr At x A,,k, k "- 1, 2, 3. . . ,  (2.,5) 
]~',k+1 -- ]~',~ + At X ~,k+½, k -- 0, 1, 2, 3 . . . .  (2.6) 
At tk each particle Pi will be subjected to a force 
Fd,k = [f/,k,=, fi,k,tt, f/,k,=]. (2.7) 
This force will be determined by the interaction of Pi with surrounding particles. The relatiomdaip 
between force and acceleration is asssumed to be 
i~,k -- M, x -~,k. (2.8) 
For the force, we introduce a molecular type formula as follows. Let ]~'Lk be the vector from 
particle Pi to Pj at time tk, so that R~j,k - ]J~',k -/~j,k] is the Euclidean distance between the 
two particles. Then the force i~j,k on Pi exerted by Pj at time tk is assumed to be 
{ G ]~j,,, ~, (2.9) 
where G is a constant of attraction, fir is a constant of repulsion, p is an exponent of attraction, 
q is an exponent of repulsion and G _> 0, H >_ 0, q > p > 0. 
Formula (2.9) will be assumed to be valid when Pi and Pj are "neighbors," which will be 
defined precisely later. If Pj is not a neighbor of Pi, then the force on P~ exerted by P~ is taken 
to be 
The total force ~,k on/~ at tk is defined to be 
189 
so that, 
(2.10) 
i#j 
-4i,k -- }~,k 1 189 
M, - ~ × E }~Lk. (2.12) 
j=l 
Once the parameters p, q, G, fir are given and the definition of "neighbor" is provided, the motion 
of each particle can be determined by (2.4)-(2.6). 
Throughout, the algorithm will be implemented with At -- 0.001 and Mi -= 1, and a related 
FORTRAN program is given in [3]. 
3. THE GENERAL PLATE 
Consider 189 particles P~ with respective coordinates (z~, y~, z~). These positions are defined 
precisely as follows. Let 
zi -- 7.0, i = 1, 2, . . . ,  189, (3.1) 
Xl ~-~ -7.0, Yl = O, (3.2) 
=le = -6.5, yze = sin 60 °, (3.3) 
Zi+l = z~ + 1, yi+z = 0, i = 1, 2,..., 14, (3.4) 
zi+z = xi + 1, Yi+z = YI6, i = 16,17,... ,28, (3.5) 
zi = zi-29, yi - yi-29 -b 2 sin 60 °, { = 30, 31,..., 189. (3.6) 
= (2.11) 
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The particles are shown in Figure 3.1. For all time, a neighbor of any particle P~.in this set is 
defined as any point P~ whose distance to P~ is initially unity. As one can see from Figure 3.1, the 
particles are vertices of equilateral triangles. Triangles are, of course, the most stable structural 
configurations in a plane. The particles in the center egion are centers of regular hexagons, and 
each has exactly six neighbors. 
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Figure 3.1. Particle scheme, PI-Pto9 in plane z = 7.0000. 
Next, particles P1-PIs9 were then set between the following two layers. The bottom layer will 
consist of particles P190-Pa51, each having a z-value of 6.1836 (see Figure 3.2) . The top layer 
will consist of particles P352-.Ps13, each having a z-value of 7.8164 (see Figure 3.3). As in the 
middle layer, the particles in the top and bottom layers are vertices of equilateral triangles with 
unit sides. 
Further, the choice of location for each particle in the top layer (P352- P513) was such that it 
formed a tetrahedron of unit edge length with particles in the middle layer (see Figure 3.4). A 
similar construction was implemented for the bottom layer. A neighbor of any P~ in the entire 
set of 513 particles is, again, any particle Pj whose distance to Pi is unity. A complete list of the 
neighbors of each P/ is  given in [3, Appendix I]. 
It should be noted that not every triangle shown in the middle layer is used to form the 
tetrahedra. For the particles on the top layer (or bottom layer) to have a unit distance among 
themselves, we have utilized only the shaded triangles in Figure 3.5. 
The entire three layer configuration is called a plate. 
We next consider a three dimensional arch. For this purpose the plate will be bent in such a 
manner that each of the three layers will lie on concentric ylinders. 
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Fisure 3.2. Particle scheme, bottom layer in plane z = 6.1836. 
~5 ~ 4t9 4;6 J~ 5~o 
3~a 4~s 4~ 4~9 4;6 6t3 
~4 3~1 4t8 4;~ 4~2 4~ 
3~7 4~ 4~L 4~ 4h 5t~ 
+'a3 ~o 4t7 4;4 4~1 4~8 
~o ~ 4;., ~;~ .~ .*~ 
A~ ~io ~t~ 4;0 4~ 4~ 
~÷~ s~o ~o ~[a 4~o ~7 ''I~'~' 
AT 3~4 411 4~8 40S 492 
~'. ~ ~ 4~ 4~ +~o 
3"$3 310 4~7 4~4 4~! 418 
Figure 3.3. Pm-ticle scheme, top I~yer in plane z = 7.8164. 
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Figure 3.4. Prototype tetrahedron. Figure 3.5. ~-iangles in middle layer that 
form the bases of the tetrahedra. 
4. FROM PLATE TO ARCH 
Since particles Pi-Pls lie on the same straight line (y = 0, z = 7.0), we will relocate P1-PIs 
onto a circular arc with center (0,0,0) and radius R = 7. We will fix Ps to remain at the location 
(0,0,7). The next step is to place the particles such that the arc length between two neighbors 
is unity. The central angle 0 for each adjacent pair of particles on this arc will be 8.19 °. Hence, 
the points P1-P7 and P9-P15 will be relocated by the formula 
[7sin(8.19n), O, 7 cos(8.19n)] n = +1, +2,. . -  ± 7. (4.1) 
The particles PIs-PIa9 were reset in a similiar fashion on the same cylinder as PI-PIs, which is 
parallel to the X-axis. The top and the bottom plates were reset similarly. The radius for the 
top layer of particles P352-P513 was R - 7.81640. The radius for the bottom layer of particles 
PIg0-Pa51 was R - 6.18360. A complete list of particle positions can be found in [3, Appendix If]. 
Figure 4.1 shows the middle layer PI-P189 as it appears in three dimensions. 
The plate was also bent to form two other sets of data. The second bending relocates the plate 
onto arcs of radii R = 9.10000 (PI-PIsg), R = 8.29033 (P190-Pssl) and R = 9.99228 (Pa52-Ps13). 
The central angle 0 for each adjacent pair of points on the circle with R - 9.10000 was 4.37 ° 
(see Figure 4.2). The third bending relocates the plate onto arcs of radii R - 7.29651 (P1-Pmg), 
R -- 6.48234 (P190-Ps51) and R = 8.11068 (Ps52-P513). The central angle 0 for each adjacent 
pair of points on the circle with R = 7.29651 was 2.810 (see Figure 4.3). 
The configurations associated with Figures 4.1-4.3 are called arches. 
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Figure 4.1. P I -PIs9 in three dimensions, O = 8.19 °. 
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Figure 4.2. PI"PIs9 in three dlmenslons, 8 = 4.37 °. 
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Figure 4.3. P i -P1so in three t l ;m,~ions,  e -- 2.81 °. 
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5. COMPUTATIONAL STUDIES OF p, q, G, H 
In order to determine a reasonable set of parameter values p, q, G, H, a variety of computer 
examples were run using the arch of greatest curvature, that is, the arch associated with Fig- 
ure 4.1. For this purpose, set the initial velocities of all particles Pi, i = 1, 2,.. .  513 to (0.0, 0.0, 
0.0). The particles 
Pi, i = 1, 15, 16, 29, 30, 44, 45, 58, 59, 73, 74, 87, 88, 102, 103, 
116, i17, 131,132,145,146, 160,161,174,175, 189 
are held fixed throughout. This is equivalent to a physical environment in which two of the edges 
are clamped. All particles in the bottom layer (Pzg0-Psst) and top layer (P~2-P513) will be free 
to move. We first wish to achieve physical stability for the arch. Experiments were run Using 
the different values for the parameters G, H, p, q shown in Table 5.1. The choice of G = 1.0, 
H = 1.0, p = 2 and q = 4 (to be discussed later) was made for all computations because these 
yielded the least kinetic energy after 100,000 time steps. In addition, they are computationally 
convenient. 
Note that damping is reasonable because nergy has been added to the system in the bending 
process. Note also that elastic behavior will be assured by not imposing an elastic limit. In the 
calculations, all velocities were damped, using ~,k ::~ 6 x ~,k where 6 = 0.98, every 2000 time 
steps. In addition ~.k was reset to zero every 2500 time steps during the first 100,000 time steps 
in order to achieve physical stability. 
Table 5.1. Exper imenta l  wdues for parameters  G, H ,  p, q. 
G H p q Kinetic Energy 
100,000 
1.0 1.0 
1.0 1.005 
1.0 1.05 
1.0 1.0 
1.0 1.01 
1.0 1.005 
0.99 1.01 
0.98 1.02 
I . I  1.0 
1.0 1.1 
1.0 1.2 
1.0 1.5 
1.0 1.0 
1.0 1.0 
1.0 1.0 
1.0 1,0 
1.0 1.0 
1.0 1.0 
1.0 1.0 
10,000 50,000 
2 4 0.2594529 0.0075393 
2 4 0.2524448 0.0073618 
2 4 0.2338739 0.0110841 
3 5 0.2282184 0.0063926 
2 4 0.2464757 0.0073293 
3 5 0.2303206 0.0068344 
2 4 0.2339233 0.0076436 
2 4 0.2286291 0.0098982 
2 4 0.9163615 0.6571560 
2 4 0.2796722 0.0226370 
2 4 0.4583498 0.0634322 
2 4 5.7966683 0.0488092 
2 3 0.1962049 0.0260484 
2 5 0.5728535 0.0562307 
2 6 0.8532566 0.0521544 
2 7 1.2988271 0.0413209 
2 8 1.2845035 0.0489960 
3 7 0.7621058 0.0501575 
6 9 0.4006011 0.0472604 
6. A STABLE ARCH 
0.0012064 
0.0012117 
0.0018459 
0.0012321 
0.0012488 
0.0013512 
0.0014571 
0.0017355 
0.0126804 
0.0025918 
0.0082551 
0.0106784 
0.0049610 
0.0178419 
0.0036063 
0.0033208 
0.0039833 
0.0199647 
0.0025985 
Consider now the arch which was generated through k = 100,000 in Section 5 with p = 2, 
q -- 4, G = H = 1. The system was now allowed to run until k = 500,000 with damping 
factor 6 = 0.98 every 2000 steps. The final kinetic energy Ek for the system was Es00.000 = 
0.85273E-01. A contour plot for the force's magnitude F~.500,000 is given in Figure 6.1(a-c). 
In the middle layer forces have the maximum magnitudes. The bottom layer shows the least 
amount of force between particles. These results compare favorably to the results of [4], in which 
the authors used a finite element model to construct a thick laminated plate using quadrilateral 
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elements. The deflections from an impulse load at the top of the plate were consistently less in 
the bottom layer than the top layer. The highest Fi,t appears along the center line of each l~yer. 
By describing this arch as consisting of three distinct, but joined, layers we are able to see on all 
levels the reaction of the inner and outer forces between all particles; usually one can only see 
what is happening on the top layer. Notice how vastly different he contour shapes appear on all 
levels. This set of data will be used as the starting data for the remaining experiments. 
The following information is also of interest. The system was allowed to continue to run until 
= 1,000,000. The contour plots of the force's magnitudes Fi,l,000,000 can be see in Figure 6.2. 
7. SNAP-THROUGH INVERSION 
In the computer experiments hat follow we will try to emulate snap-through inversion. Four 
different ypes of loads will be applied and the resulting snap-through will be studied. 
Case 1. A load will be applied to particles: Pass, P359, Pa~, Pass, Paso, P399, P412, P413, 
P42s, P439, P440, P45s, P466, P487, P4so, P4~3, P494, P507. These are the part- 
icles across the length of the apex. 
Case 2. A load will be applied to particles: P4x~, P4xa, P42e, P439, P440. These are 
the particles in the center of the apex. 
Case 3. A load will be applied to particles: Pass, Psss, P37~, Pass, Pass, P399, P4se, 
P467, P480, ~493, P494, P507. These are the particles at the two ends of the 
apex. 
Case 4. A load will be applied to particles: P~s, P q59, Pa~, Pass, Pass, Psss. These 
are the particles at one end of the apex. 
Throughout, unless otherwise indicated, the initial arch data are those derived at ~ = 500,000 
for the arch discussed in Section 6. 
Y 
10 .34  
5 .12 .  
2 .51  
-0 .  I0  
-6  
~--~ l l . I  i" / "  
--.-. 7 / _ 
", t t \ <" ') / ) ; ,",.--- 
f-~\' , ,  ', \ \ \  / /  / / , , ' /  '~ 
. '  \ , \ ]  I .! I _.~.X \ ' X V l "  _ x . 
' - - ' - \ ' J  , I I I  [ I i  I / X . /  / -~ .  I 
, ,  s . f~ ' , ' \  , /  , L . . J / !  ~L" ' , /  \ '  I1 
I' ", \ \  , ) 1 / ' /  ,/1"~'~" I \'" ~k J (" 
"+/  / / I ' , I _ 
1\~ I\\ / , ,  ........... , , \  / \,,.._j \ 
/ . . . - -4 '  ' - r .  ,'..,r--r-, ~ . ' , .  "-r . . . . . . .  
-3  -0  3 
x 
O .O Ig  - - -  - 0 .030  ,, -0 .002  . . . . . .  0,008 
. . . .  0 ,04 i  - - - -  0 .052  0 ,063  
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Figure 8.3. (b) Case 1, P19o-P3sl, k = 70,000 (bottom layer). 
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Figure 8.3. (c) Case 1, Plg0-P3sl, k -- 110,000 (bottom lays). 
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Figure 8.4. (a) Axial view, Pa52-PsI3, k = 44,000 (top layer) load released. 
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Figure 8.4. (b) Axial view, PI-PIsg, k -- 44,000 (middle l~ver) load released. 
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Figure 8.5. (b) Rotation = 0 °, PI-PIsg, k = 44,000 (middle layer) load released. 
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Figure 8.5. (c) Rotation --- 0 °, P190-~s l ,  k -- 44,000 (bottom layer) load released. 
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Figure 8.6. (a) Contour plot of Fi,k, P352-P513, k = 44,000 (top layer) load relea~d. 
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8. CASE 1: PUSH ALONG LENGTH OF APEX 
In this case the arch will receive a load across the length of its apex. To achieve this simulation 
the z-values of particles Pa~s, Ps59, P372, Pass, Psse, Ps99, P412, ]3413, P42s, P439, ])440, ])453, P4e6, 
P467, P4so,/)493, P494, P507 will be reduced by an amount of 0.1 every 1000 time steps. We have 
qualitative agreement with actual physical processes in that the applied loads are not transmitted 
instantaneously. Since At = 0.001, the particles in question will move downward by 0.1 every 1 
unit of time. If at any point in the loading process the velocity vz becomes positive for any apex 
particle, Vz will be reset o zero. To compensate for the addition of energy to the system when the 
load is applied, the velocities of all particles will be damped by 6 = 0.98 every 1000 time steps. 
A load will be applied for a fixed number of iterations. The load will then be released allowing 
all particles, including the load bearing ones, to move in any direction whatsoever. If the system 
returns to its original stable position, then snap-through has not occurred. The procedure will 
then be restarted and the load will be applied for a larger number of iterations, until the system, 
on its own, moves in a downward irection towards a stable position which is symmetrical to 
the original one. An unstable modal configuration will occur in this process. Intuitively, at an 
unstable mode the system cannot decide immediately whether to move up or down. 
Without carrying out extensive computations, various particle motions will be used over rela- 
tively short periods to estimate whether the system, in the long run, will or will not snap-through. 
In Case 1 these points are Ps, PsT, P66, Pgs, P124,/)153, Pls2 and are called indicators. Indicators 
will always reside in the middle layer. 
A load was applied across the length of the apex of the arch for 30,000 iterations (t = 30 
units). The average change in position of the indicators was 3.04 units downward. The load was 
released and the system was then damped every 2000 iterations, instead of every 1000 iterations. 
By the time 70,000 iterations had occurred, after the release, the indicators had moved, on the 
average over 1 unit upward; the system was returning to its original shape--snap-through did 
not occur. The system was restarted with the same load applied for 40,000 iterations instead of 
30,000 causing the indicators on the average to be pushed 4.06 units downward. The load was 
released and the system damped every 2000 iterations. By the time 100,000 additional iterations 
had occurred the indicators had moved, on the average, upward over 2 units. The system was 
again restarted with the same load applied for 50,000 iterations. The indicators had moved, on 
the average, 5.13 units downward. The load was released and the system was damped every 
2000 iterations. This time the system continued downward on its own accord. By the time 
100,000 more iterations had occurred, after the release of the load, the particles had gone down 
an additional unit. It must be cautioned that not all particles at every iteration had downward 
velocities. In fact, many times during the iterations aparticle would move slightly upward instead 
of downward, indicating i ternal wave motions. It should also be noted that when a downward 
load is applied, some particles move to the right or left causing bulges in areas, which also 
corresponds with experimental results [5,6]. When the load was applied for 50,000 iterations and 
released, the indicators did not move downward initially, but in fact, moved upwards. It took the 
indicators 30,000 additional iterations before all had negative z-velocities. 
It can now be assumed that snap-through should occur somewhere between 40,000 to 50,000 
iterations from the initial state described in Section 6. Through trial and error, snap-through was 
found to result at approximately 44,000 iterations. The indicators had moved, on the average, 
4.35 units downward from their initial positions. 
An additional item to look for in snap-through is the kinetic energy Ek (see Table 8.1). As 
one can see, the kinetic energy was low at the time of release, it increases dramatically during 
the next 6,000 iterations and then decreases in an oscillatory manner. 
The snap-through sequence of motion to relative stability is shown in Figures 8.1-8.3. These 
figures show each layer separately. In these figures, the observer is at a rotation of 10 ° and a tilt 
of 90 ° from the origin. As the system moves through time, more and more of the surface will be 
shown, which implies that the surface is going below the eye of the observer. Hence, the more 
visible the surface, the lower the object. Notice the difference in Figures 8.1(a), 8.2(a) and 8.3(a). 
The indentation of Figure 8.1(a) is greater than the others, because it receives the load first. 
Figure 8.2(a)-8.2(c) shows stiffness on the two edges. This is due to the fact that the particles 
Elastic arch in three dimensions 69 
Table 8.1. Kinetic enc~rgy Ek--C~e 1. 
k Eh 
44,000 0.17724E-t-00 
50,000 0.50062E-t-00 
60,000 0.34050E-t-00 
70,000 0.34345E-i-00 
80,000 0.34147E÷00 
90,000 0.40555E+00 
100,000 0.41197E÷00 
110,000 0.29674E-I-00 
200,000 0.30634E-02 
300,000 0.25067E-04 
400,000 0.92618E-06 
500,000 0.19859E-07 
on these two ends are fixed (or clamped). By the time the system reaches table equilibrium this 
stiffness is directed downward. 
Figure 8.4 shows the three layers fxom a different perspective at the moment of snap-through. 
In this case one is looking at a plot of X versus Y instead of Y versus X, the rotation is 10 °. 
Notice in Figure 8.4(a) the ripple or indentation of the right-hand side of the shape. Throughout 
the motion of the arch these ripples will appear and disappear. Figure 8.5 shows the same arch, 
but with no rotation. Notice how Figure 8.5(a) resembles the unstable quilibrium mode that 
was generated by Greenspan and Casulli [7] in the plane. 
Another item of importance to observe is the amount of the load that is distributed to each 
particle of the system at the moment of snap-through and how the forces between particles change 
in time as the arch reaches physical stability. In the following pictures, Figures 8.6-8.8, contour 
plots are shown. As one can see in Figure 8.6(a), the largest total force ~,44,000 occurs in the 
top layer, concentrated about those particles where the load has been applied. In the middle 
layer, Figure 8.7(a), the maximum magnitude of the total force ~,44,000 is again concentrated, 
but less so, along the center. On the bottom layer, Figure 8.8(a), the total force seems to be 
more scattered. Figures 8.6(b), 8.7(b), 8.8(b) show the distribution of the magnitude of the total 
force f~,s00,000 at the later stages of stability. 
In Case 1 when a load was applied to particles P85s, P359, P372, Pssh, Pss6, Ps99, P412, P413, 
P426, P439, P440, P453, P466, P467, P480, P493, t)494, P507, snap-through inversion occurred after 
a deflection of over 4 units for the corresponding key particles Ps, P37, P66, P95, P124, P153, 
Pls2 in the middle layer. It should be noted that the change in the kinetic energy E~ varies by 
only 0.0304% between 200,000 and 300,000 iterations; this says that one should not expect any 
extreme movements for the system of particles. In the process, the kinetic energy Ek will continue 
to decrease in an oscillatory manner. As time progresses, ripples and indentations will occur in 
various sections of the arch. These cannot be predicted and will affect the kinetic energy, thus 
causing a momentary increase in it. At k = 500,000 (t = 500 units), the values for the velocities 
v~, % and Vz are in the range 10-5-10-s; at any time some particles will be moving upward and 
others will be moving in a downward irection, but the system will always keep its characteristic 
concave upward appearance. This is entirely consistent with predictions from solid state physics. 
It is rather difficult to compare our results with those of other authors [4-6,8-10], because 
others usually start off with a set of partial differential equations with some type of boundary 
conditions. Their graphs and results usually focus about some point of reference, showing a 
deflection graph. One rarely sees the entire process in a three dimensional presentation, as shown 
here. 
9. CASE 2: LOAD APPLIED TO THE CENTER 
In this case the arch will receive a load to the center. This is usually referred to as a single 
point load. If one simulates the actual process, the load is not in contact with one point. Rather 
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Table 9.1. Kinetic enm-gy Eh---Cue 2. 
Ek 
150,000 
175,000 
187,500 
260,000 
270,000 
280,000 
360,000 
400,000 
500,000 
600,000 
700,000 
800,000 
O.45487E+O0 
o.37837E+OO 
O.11233E+oi 
O.18o69E-Ol 
O.22427E-Ol 
O.2O684E.oi 
O.43647E-O2 
0,77268E-02 
0.87718F~01 
0.58441F~03 
0.33896E..05 
0.44929E-06 
12.5  
7 .S  
-2 .$  
2 .5  
, , ,6 3 ~ ." 6 
Figure 9.1. (-) Ca~e 2,/~s2-P~l,, k = 19o, oo0 (top lay=). 
it is in contact with an area consisting of many particles. In this experiment the area of interest 
will consist of particles P412, P41s, P426, P439, P440. To achieve this simulation, the z-values of 
particles P41~, P41s, P42e,/>439, P440 will be reduced by an amount of 0.1 every 1000 time steps. 
Our indicator particles will be Ps0, Psi, P95, P109, Pl10 on the middle layer. Because the load is 
not applied uniformly across the entire arch as in Case 1, the unstable mode will require a larger 
number of iterations before it occurs. The unstable mode was found to occur around 187,500 
iterations. 
It is of value to observe the kinetic energy Ek, in the process of finding the unstable mode 
(refer to Table 0.1). At the unAtable mode the kinetic energy Eb is at its largest: ElST, so0 = 
0.112328E+01. After the load is released the kinetic energy will decrease in an oscillatory manner. 
But notice that, at k = 500, 000, the kinetic energy suddenly increases, and then decreases rapidly. 
After 800,000 iterations the kinetic energy is negligible, as in Case 1. 
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Figure 9.1. (b) Case 2, P352-P51s, k -- 270,000 (top layer). 
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Figure 9.2. (a) Case 2, P1-Plsg, k -- 190,000 (middle layer). 
72 T.D. KELLY 
12.5 
7.5 
2-5 
-2.5 , , , ,| 
Y 
Figure 9.2. (b) Case 2, PI-P1so, k = 270,000 (middle la~er). 
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Figure 9.3. (a) Case 2, PI~o-P3., k ffi 190,000 (bottom layer). 
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Figure 9.4. (b) Rotation - -  0 ° ,  P3s2-Pszs, k = 187, 500 (top laFex) load released. 
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FJsm~e 9.4. (c) Rotation = 0 °, ~52-Pszs,  k = 190,000 (tap Is~r). 
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Figures 9.1-9.3 show the movement of the system from b = 190,000 (t = 190 units) iterations to 
k = 270,000 (t = 270 units) iterations. Figures 9.4(a,b,c) show a different perspective (Rotation 
-- 0 °) of the application and release of the load for the top layer (P-qs2-P~13). Notice how 
prominently the indentation of the load appears in Figure 9.4(b). In Figure 9.4(c) the indentation 
is not as great--the load has been released. 
Figures 9.5-9.7 show the magnitudes Fi,k at each particle through the process of applying and 
releasing the load at the center. In Figure 9.5(a), 9.6(a), 9.7(a) the strongest forces, ~,lsT, s00 
appears in the region of the applied load. In each case as one moves from the top to middle layer 
of the structure the forces dissipate. Between the middle and lower layer the variation of the 
contour lines changes, while the magnitude of the total force, Fi,~ decreases. 
It has just been shown that the the system of particles can receive a point load to the center 
at particles P412, P413, P426, P439, P440, causing the resulting snap-through effect o occur. After 
800,000 iterations the system has stabilized into its new inverted equilibrium configuration. 
E Table 10.1. Kinetic energy /~--Case 3. 
k Ek 
81,250 2.20820E@00 
90,000 0.73140E+00 
100,000 0.57655E-l-00 
160,000 0.36647F_,-01 
250,000 0.25516E-02 
300,000 0.21434E-03 
400,000 0.58922E-05 
500,000 0.13437F_~05 
600,000 0.81486E-06 
10. CASE 3: LOAD APPLIED TO THE TWO ENDS 
In this experiment point loads will be applied to the two ends of the arch. As in Case 2, 
(Section 9) one considers an area of contact--not a single point. This will be achieved by applying 
the point loads to particles Psss, P359, Ps72, P3ss, Pss6, Ps99, on one end and particles P4se, P4sT, 
P4so, P49s, P494, P507 on the other end. The z-values of each of these particles will be decreased 
by 0.1 units every 1000 iterations. The indicator points in the middle layer will be Ps, P22, P~8, 
P3~, P51, P52, P66, Piss, Pls9, P153, P16~, P16s, Pls2. 
Because the arch was designed with right-directed tetrahedra the differences between the left 
and the right ends will now be more noticeable, one end will resist the point load more than the 
other end. After numerous experiments he unstable mode was found to occur at approximately 
81,250 iterations. 
Figures 10.1-10.3 show the behavior of the system of particles from k = 81,250 to k = 700,000. 
In Figures 10.1(a), 10.2(a), 10.3(a) the ends coming out at the observer are lower than the center 
region. This is because the two point loads are applied to these areas. 
As was stated earlier, differences between the ends y = 0 and y = 10.34 become more apparent 
in this case. The right end (y = 10.34) tends to distribute the point load more than the left end 
(see Figure 10.4). Figures 10.4-10.6 show the application of the two point loads from a different 
perspective, from the initial state to the release of the point loads. Notice the points at the right 
end are slightly higher than those on the left. This occurs on all three levels. 
As in the previous two examples, it is of interest o study the behavior of the kinetic energy-- 
Ek. This case has a larger kinetic energy--E81,250 - 2.20828, at the moment of the release of 
the two point loads, than the previous two cases. Refer to Table 10.1 for a more detailed history 
of the kinetic energy--Ek. The related contour plots are given in Figures 10.7-10.9. 
In the case where two point loads are applied to each end, the system of particles reached an 
unstable mode at approximately 81,250 iterations. After a period of time, the system went into 
a steady-state configuration. As was shown, differences between the two end structures appeared 
in this loading process. 
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Figure 10.4. (a) Axial view, Ps52-P513,/¢ = 2G,000 (top layer). 
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Fil~re 10.4. (b) Axial view, Pas2-Pss3, k : 50,000 (top layer). 
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Figure 10.4. (c) Axial view, P352-P513, k = 81,250 (top layer) load released. 
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Figure 10.5. (a) Axial view, P1-Plsg, k = 25,000 (middle layer). 
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Figure 10.6. (b) Axial view,/~oo-P351, k = 50 ,~ ( l~t~m layer). 
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11. CASE 4: LOAD APPL IED TO ONE END 
In this case, a single point load was applied to the arch at the end y = 0 to particles P~s, Pas9, 
Pat2, Psss, Psse, Ps99. Again the z-value of each of these particles was reduced by 0.1 units every 
1000 time steps. Experiments were run with the point load applied between 100,000 and 200,000 
iterations; the particles on the left end (y = 0) seemed to show that the system was inverting, 
but as one move along the y-axis, the points at y = 10.34 had higher z-values than their original 
state. Each time that it appeared the system would snap-through, the right end would prevent 
it and force the particles on the left end back to the original state. At this point consideration 
was given to the fact that the structure of the system on the two ends was different. Recall that 
this did influence Case 3, so the point load was moved from the left end to the right end. 
The point load was then applied to particles P466, P467, P480, P493, P494, P507 and snap-through 
was not achieved--the same problems arose in this loading as in the loading at the opposite nd. 
After much reflection the number of particles to use in the point load was increased. This time 
the load was applied to particles Psss, Pssg, Ps i ,  Psss, Psss, Ps99, P41~, P41s man increase of 
two additional particles. The same phenomenon occured. Once more attention was given to the 
other end. The point load was applied to particles P439, P440, P453, P4es, P46t, P4so, P49s, P494, 
Ps0t--an increase of three additional particles. No new results occurred. 
Finally, to test hat the curvature of the arch was not a key factor, the same ideas were applied 
to the arches corresponding to Figure 4.2 and Figure 4.3. The same type of results occurred. It 
was therefore concluded that a single point load to one end cannot cause the system of particles 
to snap-through. Increasing the size of the point load either on the left or right end would have 
to include particles that are on the other side of the center. 
It has just been shown that snap-through should not occur with every type of loading process. 
Snap-through does occur when a load is applied across the length of the arch, at the center egion 
and on the two ends, but does not occur with a single point load at either end. 
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12. SUMMARY 
After constructing a 513 particle, three layer plate, the plate was bent to form the elastic arch 
corresponding to Figure 4.1. Two additional arches with smaller curvatures were also generated. 
The local interaction parameters p = 2, q = 4, G = H = 1 were chosen from extensive computer 
studies. Using these parameters the arch corresponding to Figure 4.1 was stabilized physically 
over 500,000 iterations. The resulting arch was loaded in four different ways. The first case had 
a load placed across the apex. Snap-through was simulated. The second case consisted of a load 
at the center of  the arch. Again snap-through was achieved. In the third case two point loads 
were applied to each end. Snap-through was modelled successfully. In the final case a load was 
applied to one end. Snap-through did not occur. Throughout,  the study of the magnitude of the 
total force acting on each particle was observed through the use of contour plots. 
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